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CHAPTER I  
IRTHOBüCTiOlï
Za p r e s e n t in g  t h i s  p a p e r  a  know ledge o f  m a th e m a tic a l e t a t l a *  
t i e s  and  com plex v a r ia b le *  l a  aaanmed# We s h a l l  have o c c a s io n  to  
u se  p r o p e r t i e s  o f  F o u r ie r  I n t e g r a l s  and © ball»  l a  C h a p te r  I I I »  be 
c o n c e rn ed  w ith  th e  b i l a t e r a l  l a p la c e  t r a n s fo rm .
By a  d i s t r i b u t i o n  fu n c tio n »  F ( x ) ,  we s h a l l  mean a  aori—decreas*  
l a g  p o in t  f u n c t io n  t h a t  i s  everyw here c o n tin u o u s  to  th e  r i g h t  and 
i s  su ch  t h a t  F(-»«»)»0 and F(=p)»l*
I n  g e n e ra l  we s h a l l  be  u s in g  th e  L e s b e s q u e - B t le l t je s  i n t e g r a l  
w ith  r e s p e c t  to  th e  m easure R d e te rm in ed  by th e  d i s t r i b u t i o n  fu n c ­
t i o n  ?(% )* We s h a l l  be co n cern ed  w ith  th e  one d im e n s io n a l E u c l id ­
ean  sp a c e  i n  w hich
P(R^)«FCa>) -  F ( - » ) » l  
P<ae % 4 b )= F (b )  F (a-O )
PCa^ K z L b W ( b ^ )  -  F(a>
R (a4 x - tb ) « F ( b - 0 )  ^  FCa-0)
P ( * j  % e b )= F (b )  -  F(a>
w here F (z + 0 )» lim  F(x> and F (a -0 )* lim  F<x) and i f  a  i s  a  p o in t  o f
* - * 2-0
c o n t in u i ty  o f  F (x )»  F(&+0)=F(%) and F (a -0 )* F (% ).
To d e f in e  th e  i n t e g r a l  o v e r R^ w ith  P d e te rm in ed  by F (x )  we 
l e t  X be an  i n t e r v a l  i n  w ith  g (x )  a  bounded p o in t  f u n c t io n  d e­
f in e d  f o r  a l l  % i n  I  and d iv id e  I  i n t o  an a r b i t r a r y  f i n i t e  number 
o f  p a r t s  su ch  t h a t  I » I^  * Ig  ♦ * . ♦ and
—1—
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I f  l * j*  L e t t in g  and be th e  lo w er and  u p p er bounda r e s p e c ­
t i v e l y  o f  g (x )  l a  and d e n o tin g  by th e  m easu reC d e te ra ln ed
by th e  d i s t r i b u t i o n  f u n c t io n  P (x )  ) o f  1^ and l e t t i n g
and Za % hiPCJJ)C=< 4='
w here we c o n s id e r  th e  u p p er bound z*  o f  a l l  p o s s ib le  z  v a lu e s  and 
th e  lo w er bound Z* o f  a l l  p o s s ib le  Z v a lu e s ,  th e n  i f  z*»Z* th e  
common v a lu e  i s  c a l l e d  th e  L e s b e s q u e - S t ie l t j e s  i n t e g r a l  o f  g(%) 
o v e r  X w ith  r e s p e c t  to  th e  m easure P and i s  d en o ted  by g(x)dP  
o r  g ( x ) d r ( x )  b u t  we s h a l l  w r i t e  ^  g ( x ) â T( x )  where a  and b 
a r e  th e  end p o in t s  o f  th e  i n t e r v a l  I ,
S p e c i f i c  th eo rem s t h a t  w i l l  be r e f e r r e d  to  a r e  s t a t e d  below* 
Theorem I : E very  seq u en ce  o f  d i s t r i b u t i o n  f u n c t io n s
c o n ta in s  a  c o n v e rg e n t su b se q u e n c e . The l i m i t  f ( x )  can  alw ays be 
d e te rm in e d  so  a s  to  be everyw here  c o n tin u o u s  t o  th e  r i g h t .
Theorem I I ;  I f  l im  g _ (x )» g (x )  e x i s t s  a lm o s t everyw here i n  a
^*w w *w w w w ew N eN N F m -¥ Q O  M
s e t  6 o f  f i n i t e  m easu re , and i f  ïg ^ Ç x )f-c G(x> f o r  a l l  n and f o r  a l l  
% i n  8$ where G (x) i a  i n t e g r a b l e  o v e r S , w ith  r e s p e c t  to  P (x )  th e n  
gCx) i s  i n t e g r a b le  o v e r  S ,  w ith  r e s p e c t  to  F<x) and 
11m g Cx)dF<x)» Z' g(x>dF<x)m-tee s S
Theorem I I I * I f  ^T^(x)J i s  a  seq u en ce  o f  d i s t r i b u t i o n  fu n c ­
t i o n s  w hich co n v e rg es  to  a  n o n -d e c re a s in g  f u n c t io n  F (x ) i n  e v e ry  
c o n t in u i ty  p o in t  o f  th e  l a t t e r  and  i f  g<x) i s  an  everyw here  con­
t in u o u s  f u n c t io n  th e n
l im  y ^ " 'g (x )d F  (x )«  X ‘*’g<x)dF<x>m-w«p '̂ 09 n
L e t t in g  u ( t ) « ^  g ( x , t ) d F ( x )  w here g ( x , t ) i s  a  com plex v a lu e d  fu n c ­
t i o n  su c h  t h a t  f o r  e v e ry  f ix e d  t  th e  r e a l  and im a g in a ry  p a r t s  a r e
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B o re l JB«aaurabl« fu n c tio n ®  o f  x  w hich a r e  i a to g r a b l e  o v er S w ith  
r e e p e c t  to  T(x)  and  by G ^(x)* G^Cx), G^Cx),#**# d e n o tin g  f u n c t io n s  
w hich  a r e  i n t e g r a b l e  o v e r S w ith  r e s p e c t  to  P (x ) we have
Theorem lY f I f  f o r  a lm o s t a l l  x  i n  S , th e  fu n c t io n  g ( x , t )  
i s  c o n tin u o u s  w ith  r e s p e c t  to  t  i n  th e  p o in t  t a t ^ ,  and i f  f o r  a l l  
t  i n  some n e ig h b o rh o o d  o f  t^ #  we have 1g(x«t}1 G ^(x)$ th e n  u ( t )  i s  
c o n tin u o u s  f o r  so  t h a t  we have
lim  y '  g (x ,t)& F (% )=  /  g < x ,t^ )d F (x )
Theorem Vt I f  f o r  a lm o s t a l l  x  i n  S and f o r  a  f ix e d  v a lu e  
o f  t*  th e  fo llo w in g  c o n d i t io n s  o re  s a t i s f i e d :
1 )  th e  p a r t i a l  d e r iv a t iv e  e x i s t s #
2 )  we have Ï ✓ G en) f e r  O ^ Îh1 z. h w here h1 ^ 1 * o  ®
does n o t depend on x
th e n
U*(t)a^/5f'i5*>^F<« = /éÿ!M)£F(x> 
s s ^
Theorem V it I f  f o r  a lm o s t a l l  x In  S# th e  f u n c t io n  gC x#t) i s
c o n tin u o u s  w ith  r e s p e c t  to  t  i n  th e  f i n i t e  open i n t e r v a l  Ca«b) and
s a t i s f i e s  th e  c o n d i t io n  |g ( x # t )  fG ^^C x ) f o r  a l l  t  i n  (a«b)#  th e n
'O' *- S s -&
F u rth e r#  i f  th e  above c o n d i t io n s  a r e  s a t i s f i e d  f o r  ev e ry  f i n i t e
i n t e r v a l  ( a ,b )  and i f #  i n  a d d i t io n #  we have
fg (x # t> fd t  dG ^<x)
th e n
tt< t)d t«  /'rr%t*,*)£^£F(>)-CD G 4»
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CHAPTER I I
ON CHARACTERISTIC FUNCTIONS
T hroughout t h i s  s e c t io n  w« s h a l l  be co n cern ed  w ith  th e  one 
d im e n s io n a l E u c lid e a n  sp a ce  and a  one d im e n s io n a l d i s t r i b u t i o n  
f u n c t io n  F ( x ) # The th eo rem s may be ex ten d ed  to  co v e r an  n -d im en - 
e lo n a l  space*
L e t y (x )  be th e  d i s t r i b u t i o n  f u n c t io n  f o r  th e  random v a r l -  
a b le  X d e f in e d  o v e r  o u r  sp ace*  C o n s id e r th e  f u n c t io n  g(x}=e »
co s  t x  ♦ 1  s i n  tx *  We have
C^t g (x )  i s  in t e g r a b le  o v er
P roo f*  (1 )  }g(x}f i s  bounded s in c e  |e ^ ^ ^ ? * l
(2 )  ( g (x ) f  i s  a  n o n -d e c re a s in g  f u n c t io n  and th e r e ­
f o r e  B o re l m easu rab le*  Hence fg (x ) f  i s  i n t e g r a b le  o v e r R^ end 
g ( x )  i s  I jx te g rab le*
/dpe dF (x) w i l lĈObe c a l l e d  th e  c h a r a c t e r i s t i c  f u n c t io n  o f  th e  d i s t r i b u t i o n  c o r r e s ­
p ond in g  to  F (x )*  We have th e  fo l lo w in g  c o n c lu s io n s  :
C -I  h ( 0 )= l  s in c e  j /  d F (x )« l  
C^9 $ h ( t)#  -  1 f o r  a l l  r e a l  t  s in c e
C^l D eno ting  th e  com plex c o n ju g a te  o f  h C t) by  "h('t)" we have 
h ( —t ) » h ( t J •
R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .
l-Xt #1*4 y ts in c e  e  «con tx  + 1  a i n  t x  and e «co s tx  -  1 s i n  tx  th e  
p ro o f  i s  obv ious*
h ( t )  I s  c o n tin u o u s  f o r  a l l  r e a l  t*
P roo f*  S in c e  f e ^ ^ |* * l  we need  o n ly  show t h a t  i a  con­
t in u o u s  a t  any  p o in t  s a y  t » t ^  and a p p ly  theo rem  IV*
â-3ctîThe c o n t in u i ty  o f  « » co s  t x  * i  s i n  tx  fo llo w s  from  th e  
f a c t  t h a t  th e  r e a l  t r ig o n o m e tr io  f u n c t io n s  co s  t x  and s i n  t x  a r e  
everyw here  c o n t in u o u s ,
N o tic e  t h a t  s i n  x t  and  co s  x t  have everyw here c o n tin u o u s  
d e r iv a t iv e s  ; t h a t  th e  Cauchy Reimann c o n d i t io n s  f o r  th e  e x i s t ­
an ce  o f  a  d e r iv a t iv e  a t  some p o in t  s a y  t « t ^  a r e  s a t i s f i e d  ( f o r  
th e  f u n c t io n  e^ ^ * ) and t h a t
y  Sl
I Ji Ui
Hence we a p p ly  theo rem  V f o r  d i f f e r e n t i a t i n g  h ( t )  to  f in d
—CO
tHD e f in in g  th e  n moment o f  th e  d i s t r i b u t i o n  by / ^-o>
we s e e  t h a t  i f  th e  n*^ moment e x i s t s  th e  n^^ d e r iv a t iv e
e x i s t s  and l ik e w is e  f o r  h ( t )  w here 0  d k  6  n,
Ir
S in c e  th e  r e a l  e x p o n e n t ia l  f u n c t io n  x  i s  everyw here c o n t in -
uous and s in c e  Jx e f» lx  f i s  an  i n t e g r a l  f u n c t io n  w ith  r e s p e c t
Is,t o  F (x )  we have by theorem  IV* t h a t  h ( t )  i s  a l s o  c o n tin u o u s  f o r  
a l l  r e a l  t  w here o f  c o u rse  O ^  k  d n* Now
thw here a^  ̂ i s  th e  k  moment o f  th e  d i s t r i b u t i o n *  Hence i n  th e  
n e ig h b o rh o o d  o f  t« 0  we h a v e , f o r  h ( t )* a  deve lopem en t i n  M acLaurin 
s e r i e s  -+
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 ___# o  <24,
w here ez: 1 and
Suppose t h a t  F (x )  i© everyw here  c o n tln u e u e  and t h a t  a  den­
s i t y  f u n c t io n  f ( x )  e x i s t s  and i s  c o n tin u o u s  f o r  a l l  b u t  a  
f i n i t e  number o f  p o in ts *  S in c e  o u r  i n t e g r a l .  In  t h i s  c a s e ,  r e ­
du ces t o  th e  o r d in a r y  Reimann I n t e g r a l  we f in d
J (€ i =
I t  i s  t r u e  t h a t  a  c h a r a c t e r i s t i c  f u n c t io n  u n iq u e ly  d e te rm in e s  
a  d i s t r i b u t i o n  ( i f  we a g re e  t h a t  two d i s t r i b u t i o n s  a r e  i d e n t i c a l  
i f  th e y  d i f f e r  by  a  c o n s ta n t )  b u t  b e fo re  p ro v in g  a  theorem  to  
t h i s  e f f e c t  we s h a l l  n eed  some p r e l im in a r y  r e s u l t s s  
f o r  h r e a l  and  T^O c o n s id e r  th e  f u n c t io n s
we have
G^t C (h ,T )?  O s in c e
C*» S (-h ,r> s*  -SC h,T ) s in c e
C*t C (-h ,T )» C (h ,T )  s in c e
c o n s id e r in g  th e  t r a n s f o r m a t io n s  t=  we f in d
8 (h $ T )a  M* w here t*  i s  some t
C (h ,T )»
an d  upon e v a lu a t in g  C (h ,T ) we f in d  
C (h ,T )a
R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .
- 7 -
wher© © gala t*  l e  aome r e a l  t#
We can  «how t h a t  th e  D i r i c h i l e t  I n t e g r a l  /  s i n  t^ ^  i s■é  d t
bounded f o r  a l l  x > 0  and ap p ro a c h e s  a s  % -* c o .
Hence w© s e e  H(h#T) i s  bounded f o r  h  r e a l  and  T> O cmd 
f u r t h e r
0
At l im  S ( h t f ) a  /  O i f  h «0T-*cd
r  1  i f  h?-
f a 
( - 1  i f  h-i 0
and
h i f  h z  O
Bt l im  C (h,T>a j 0 i f  h  =0
t-*«b ( - h  i f  h z  O
i* e *  lira  G (h,T )= 'fhfT-*CO
D e f in in g  a  c o n t in u i ty  i n t e r v a l  (a * h , a+h) f o r  a  f u n c t io n  
F (x )  a s  an  i n t e r v a l  ouch t h a t  a  h a r e  p o in t s  o f  c o n t in u i ty  o f  
F(x> w here h i s  r e a l#  and ? O we o re  no® in  a  p o s i t i o n  to  s t a t e  and 
e a s i l y  p ro v e  th e  fo l lo w in g  th eo rem t
Theorem * I f  (a**h# a+ h) i s  a  c o n t in u i ty  i n t e r v a l  o f  th e  d i s ­
t r i b u t i o n  f u n c t io n  F (x )#  th e n  
F (a+ h ) -  F (a -h )= /-sOP -T
P ro o f !  l e t t i n g
«— •—tfs Ml
and  n o t in g  t h a t
and  t h a t  s i n  h t^ i t ( x - a )  i s  c o n tin u o u s  o v e r  ( a - h ,  a+h) we f in d  
t
t h a t  we can  a p p ly  theorem  VI and w rit©
R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .
•3*
J*  7T f  Jl ftxy
From the foot tîmt omA are coajufoted oomplox
q m m tlti##  I t  fo llow * ttm% ooamidorlag tho l& torval* (* # ,0 ) aad 
<0«$) wo Oft* writ*
'CO,
lotting
g ( x $ T ) #  ^ y  Æ g = # c w ,  t  f y - a )
&aâ fey * fomlllor trlgoaoAotrlo idoatlty *o ©o*
#(%,%)« ^ isèsSJ^SâMPju:^
= -5  £s(Jf>a+4l,T;
and hy opplylag A ^( 0 if a ̂ ô fe
I ^  I f  % wa*»fe
11m g (x $ T )*  /  1  I f  m /.o> h
r--*» I # If % wa+fe.^ O if m z m*fe
l#e* th* limit 0x1 *ta overywher** 
OferlouaXy fg(x«t)f/.k m poeltlw* oowatant aiao* SCh,̂ 7) 1* feouaded*
Borne# fey theorem ZI w* **# that th# lat«e;r«tl vaolahe* exeept la
th# iatorval a-h/.*<«.♦& #md therefor# 
11m
'*’■“*’ a»d elae# FCx> la eoatlaaooa at * 1  h
Jls$ f(a>+Ji)—■ Ffû'"'-A)
T-»eo
Thl* eompl«t«* th# proof#
W# *#* toy th# theorem jaet proved that if h{t> la the eh«ur*ao» 
teriatl* fuactloa for both the dietrifeuttoa» F^Cx) which
are deflaed over a coatiauity iûterval <a»h, a+h) the two
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l ’u n e t lo n s  a g re e  o v e r  th e  I n t e r v a l ,  l* e «  Say F^=C+F^ w here C I s  a  
c o n s ta n t*  O bv iously  o v e r  e v e ry  su ch  c o n t in u i ty  i n t e r v a l
and  we a g re e  t h a t  th e  d i s t r i b u t i o n s  a r e  i d e n t i c a l *  I t  i s  o b v io u s 
front th e  d e f i n i t i o n  o f  a  c h a r a c t e r i s t i c  f u n c t io n  th a t  a  d i s t r i b u a  
t i o n  f u n c t io n  u n iq u e ly  d e te rm in e s  a  c h a r a c t e r i s t i c  fu n c t io n  s in c e  
th e  v a lu e  o f  th e  i n t e g r a l  i s  un ique*
In  p a r t i c u l a r  from  th e  p re v io u s  theorem  i f  %±h a re  c o n t in u i ty  
p o in t s  o f  F we have
by l e t t i n g  h  *«► 0 we s e e  —* i
and
h e re  i f  f h ( t } |  i s  i n t e g r a b l e  o v e r  we may a p p ly  theorem  IV and 
f in d  a s  h O
? ' ( % ) . f ( = ) .  ^
w hich  o f  c o u rs e  e x i s t s *
H ere f ( x )  i s  th e  d e n s i ty  f u n c t io n  f o r  th e  d i s t r i b u t i o n  fu n c ­
t i o n  F (x )  and a g a in  by theorem  IV we se e  t h a t  f ( x )  i s  c o n tin u o u s  
f o r  a l l  X*
An exam ple due to  K h in tc h in e , w hich f o l lo w s ,  w i l l  show t h a t  
i t  i s  n o t s u f f i c i e n t ,  i n  o rd e r  to  d e te rm in e  F (x ) u n iq u e ly , to  
know h ( t )  o v e r  any  f i n i t e  i n t e r v a l ,  we m ust know h ( t )  o v e r i n  
o r d e r  to  do so* 
can  show
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i* « *  I s  th e  c h a r a c t e r i s t i c  f u n c t io n  o f  a  d i s t r i b u t i o n  whose
d e n s i ty  f u n c t io n  I s  ^ ,
TT
l e t t i n g
we s e e  t h a t  h ^C t) i s  th e  c h a r a c t e r i s t i c  f u n c t io n  f o r  th e  " s te p
f u n c t io n "  F(%) w ith  th e  s a l t u s  a t  th e  p o in t  x o f  >è and th e
Sts a l t u s  o f  a t  th e  p o in t  x^n  where n s» il,± 3 t
I f  we sum th e  t r ig o n o m e tr ic  s e r i e s  f o r  h ^ ( t )  we have h ^ C t)ah j^ (t)  
i f  f t f é l  b u t I f  f t t  > l#»(t)ttO  w h ile  h ^C t) i s  p e r io d i c a l  w ith  
p e r io d  2*
B efo re  p ro c e e d in g  we s h a l l  need  a  theorem  an a lo g o u s to  th e  
p re c e e d ln g  theo rem  w ith  th e  d i f f e r e n c e  t h a t  an  a b s o lu te ly  co n v e r­
g e n t  I n t e g r a l  w i l l  be used*
Theorem i F or any  r e a l  a  and h?0
o
P ro o f*  L o t t in g
G« 7? ^
and u s in g  a  m ethod s i m i l a r  to  th e  p re v io u s  theorem  a lo n g  w ith  
Theorem VI we f in d
s « ^ r V ! L ___
6»
w here
-  ^ --------------------
and  b y  a p p ly in g  B
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Ga (* fx * « f ♦ # fx -a + h f  + > ifx -a*h t )d F (x )
Zoo
w here a g a in  th e  I n t e g r a l  v a n is h e s  e x c e p t i n  th e  i n t e r v a l  a-h^x^a+ h  
th e r e f o r e
6* /  (1 x * a* h .f  + îx*a+hJ * 2 fx -a t )d F (x )«
= /  ( h * îx » a î )d F (x )
by u s in g  p a t i a l  i n t e g r a t i o n  o v e r  th e  I n t e r v a l s  ( a - h ,a )  and (a ,a + h )
w here we l e t  B (x )a  ( h - t x - a t )  we f in d
G» -  F<x)dH (x) « /  F(x)dH <x)
W  -a
Now l e t t i n g  a*aH{x) we have
o ^
Gw FC a+z*-h)da* + ^  F (a -z* + h )d a*
and  f i n a l l y  l e t t i n g  (a * -h )
we have
G» F(a+g)d&  *  F (a -a )d z
0
th e  r e q u i r e d  r e s u l t *
We now p ro v e  a  theorem  o f  u tm ost im p o rtan ce  f o r  a p p l ic a t io n s  
s in c e  i t  makes a v a i l a b l e  a  c r i t e r i o n  w hich o f te n  e n a b le s  us to  
d e c id e  w h e th e r a  g iv e n  seq u en ce  o f  d i s t r i b u t i o n  fu n c t io n s  co n v e r­
g e s  t o  a  d i s t r i b u t i o n  o r  n o t*  I t  i s  e s p e c i a l l y  u s e fu l  when i t  
p ro v e s  d i f f i c u l t  to  i n v e s t i g a t e  d i r e c t l y  th e  convergence  o f  such  
seq u en ces*
Theorem t I f  i s  a  seq u en ce  o f  d i s t r i b u t i o n  fu n c t io n s
w ith  |h ^ ( t ) j  th e  seq u en ce  o f  t h e i r  r e s p e c t iv e  c h a r a c t e r i s t i c  
f u n c t io n s  th e n  a  n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n  f o r  |V ^{x)J 
t o  co n v erg e  to  a  d i s t r i b u t i o n  f u n c t io n  F (x )  i s  t h a t  f o r  e v e ry  t $ 
th e  seq u en ce  ^ h ^ (t)^  co n v e rg es  to  a  l i m i t  h ( t )  w hich i s  c o n t in —
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uoue f o r  th e  s p e c i a l  v a lu e  t= 0 .  I f  t h i s  c o n d i t io n  i s  s a t i s f i e d  
th e  l i m i t  h ( t )  i s  i d e n t i c a l  w ith  th e  c h a r a c t e r i s t i c  f u n c t io n  f o r  
th e  d i s t r i b u t i o n  F (x )*
P roof*
1# N e c e ss ity *
Ü*3ES in c e  e i s  everyw here  c o n tin u o u s  we have by
th eo rem  I I I
l im  (%)=, / ' ‘̂ e^^*dF(x>*~<0 n  sgo
But F (x )  i s ,  by  h y p o th e s is ,  a  d i s t r i b u t i o n  f u n c t io n ,  henc<% by 
d e f i n i t i o n ^  e ^ ^ d F ( x )  i s  th e  c h a r a c t e r i s t i c  fu n c t io n  f o r  th e  
d i s t r i b u t i o n  F<x)«
2» S u f f ic ie n c y *
Assuming h ^ ( t )  *-» h < t)  w hich i s  co n tin u o u s  a t  
t» 0  we m ust show F (x )  and t h a t  F (x ) i s  a  d i s t r i b u t i o n
fu n c tio n *  By theo rem  I  we can  choose a  subsequence
su c h  t h a t  F^ <x) F ( x ) ,  a  n o n -d e c re a s in g  fu n c t io n
t h a t  i s  everyw here  c o n tin u o u s  from  th e  r ig h t#  We have
(1 )  o b v io u s ly  0 - F ( x ) ^ l  s in c e  O ^ F ^ C x )£ l f o r  a l l  n^
(2 )  from  th e  p r e v io u s  theorem  l e t t i n g  a«0 we have 
( a )  •  F (-z)das» y ^ F  ( z )d z  *  F (*a)da=
i f  we l e t  k  —» n o t ic e  t h a t  l im  F^ (x )= F (x )  and th a t
F i s  u n ifo rm ly  bounded f o r  a l l  k .  A lso
w here
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a a  i a t e g r a b l e  f u n c t io n  o v e r  hence by theorem  I I  we have
T{z )dZ  <- F (g )d z a
d iv id in g  by  h  and c o n s id e r in g  th e  t r a n s f o r m a t io n  h t= t^  we have
w here t*  i s  some t
u s in g  p a r t i a l  i n t e g r a t i o n  and l e t t i n g  g (z )= s  we have
^ î j i
hence i n  ( a )  we have
P (h )  -  F ( -h )6
a s  h  ■««♦«*> we have on th e  l e f t  F (h )  ^ F ( - h )  —► F(m) •  F(*co)
n o t in g  t h a t  h (^ )  —* h (0 )» llm  h ^ ( 0 ) « l  and by B
TT ^
we have F(+«>) F(*"<»)*1 and s in c e  we have a l r e a d y  showed t h a t
Oé F ( x ) £  1  i t  f o l lo w s  t h a t  FC+o»)»!, F(*w)*o» We have th u s
p ro v ed  t h a t  F (x )  i s  a  d i s t r i b u t i o n  fu n c tio n #  R e fe r r in g  back
to  th e  p ro o f  o f  th e  n e c e s s i t y  i t  fo l lo w s  th a t  h ( t )  i s  th e  charac-»
t e r i s t i e  f u n c t io n  f o r  F<x>*
Now suppose  J p ^ ^ i s  a n o th e r  c o n v e rg e n t subsequence  o f
su c h  t h a t  l im  » F * (x ) w here a g a in  F * (x ) i s  c o n tin u o u s  from  th en ^
r i g h t f  and  non«-decreaeing* We can  a g a in  show t h a t  F * (k ) i s  a  
d i s t r i b u t i o n  f u n c t io n  h a v in g  h ( t )  a s  i t s  c o r re sp o n d in g  charac-i* 
t e r i s t i e  fu n c tio n #  Then by th e  u n iq u e n e ss  theorem  a l r e a d y  p roved  
F (x )  and  F * (x ) m ust be i d e n t i c a l #  Hence we s e e  t h a t  a l l  co n v er»  
g e n t  su b se q u en c es  o f  / f ^ ( x )] co n v e rg e  t o  th e  sa n e  l i m i t  F ( x ) .
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I t  f o l lo w s  t h a t  th e  seq u en ce  i s  fu n d am en ta l and in d eed
c o n v e rg e s  to  th e  same l i m i t  F (x )  a  d i s t r i b u t i o n  fu n c tio n #
The fo llo w in g  exam ple w i l l  show t h a t  th e  s ta te m e n t " h ( t )  i s
c o n tin u o u s  f o r  th e  v a lu e  t= 0  ** i n  th e  p ro c e e d in g  theo rem  i s  in d e ed
e s s e n t i a l  f o r  th e  t r u th ;  o f  th e  theorem *
fO i f  x éi f  - n z x z .  n1 i f  x>  n
f^ ( x ) *  th e  c o r re s p o n d in g  d e n s i ty  fu n c tio n #  i s  e q u a l to  34 n when
and 0 o th e rw ise #  Hence th e  c o r re sp o n d in g  c h a r a c t e r i s t i c
f u n c t io n
w hich  co n v e rg e s  f o r  e v e ry  t
L e t t in g  l im  h ^ ( t ) a h ( t )  we s e e-̂MD XI j  1 i f  t= o  ^ o  i f  t* o{
l# e #  th e  f u n c t io n  h ( t )  i s  n o t  c o n tin u o u s  a t  O# But
F ^ C x ) » a s  n  -«*«> f o r  e v e ry  x»x^#
o b v io u s ly  n o t  a  d i s t r i b u t i o n  fu n c tio n #
F o r an  n -d im e n s io n a l sp a ce  i f  t = ( t ^ , t 2 # * * v t^ ) and 
X*(x^*%2 #  ̂ column v e c to r s  c o r re sp o n d in g  to  th e  
p o i n t s  i n  we d e f in e  th e  c h a r a c t e r i s t i c  f u n c t io n  (o f  a  one d i ­
m e n s io n a l d i s t r i b u t i o n )  to  be
/
h ( t )m h ( t-  $ t - # — , t  )«  X  e^^^dP  
w here P i s  th e  p r o b a b i l i t y  m easure f o r  th e  sp a c e  and
t» x = t^ x ^  * ^2^2  -------* ^a==n*
In  k e e p in g  w ith  o u r  fo rm er n o ta t io n s  we m igh t w r i t e
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( 1 )  h ( t i , * 2 ,
>-0O -̂ co »0P
w here i s  th e  m u l t i v a r i a t e  d i s t r i b u t i o n  fu n c tio n ^
I f  th e  random  v a r i a b l e s  to  w hich th e  d i s t r i b u t i o n  c o rre sp o n d s  
i n  (1 )  a r e  in d e p e n d e n t th e n
and we s e e  t h a t
h C t ^ f t ^ * * * - !  t ^ ) «   f
-0» êo -eo
w h(tj^) h ( t2 ) * ‘* * h ( t^ )a
The th eo rem s p r e v io u s ly  p ro v ed  a r e  r e a d i l y  e x te n d a b le  to  th e  
sp a c e  S^»
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C H A P T E R  I I I
ON MOMENT GENERATING FUNCTIONS
T hroughout t h i e  se c tio x i we s h a l l  be u s in g  v a r io u s  r e s u l t s  o f  
th e  b i l a t e r a l  L ap la ce  t r a n s fo rm  to g e th e r  w ith  c e r t a i n  p r o p e r t i e s  
o f  a n a l y t i c  f u n c t io n s «
The moments a r e  a  s e t  o f  p a ra m e te rs  o f a  d i s t r i b u t i o n  which 
a r e  u s e f u l  i n  d e te rm in in g  and m easu rin g  some o f  i t s  p ro p e r t ie s *
In  some c a s e s  th e  momenta a c t u a l l y  s p e c i f y  th e  d i s t r ib u t io n *  l a  
g e n e ra l  th e  moment p rob lem  may be b roken  down a s  fo llo w sJ  
G iven an  i n f i n i t e  seq u en ce  o f  num bers 1 , ü £ ,
(1 )  d o es th e r e  e x i s t  a  d i s t r i b u t i o n  w ith  th e  numbers 
a s  momentaT
and  i f  so
(2 )  i s  t h i s  d i s t r i b u t i o n  u n iq u e?
The p rob lem  w i l l  n o t  be s o lv e d  h ere*  we m ere ly  s t a t e  and 
p ro v e  s e v e r a l  th eo rem s p o in t in g  i n  t h a t  d i r e c t io n *
L e t X be a  one d im e n s io n a l random  v a r ia b le  w ith  FCx) i t s
d i s t r i b u t i o n  fu n c tio n *  The f u n c t io n
<1) m (t)«  X * e ^ * d F (x )  t  r e a l*  i n  w hich th e  i n t e g r a l
i s  assum ed to  co n v erg e  f o r  t  i n  some n e ig h b o rh o o d  o f  th e  o r ig in *
i s  c a l l e d  th e  moment g e n e ra t in g  f u n c t io n  o f  th e  d i s t r i b u t io n *  We
have th e  fo l lo w in g  r e s u l t *
wl6<«
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Theorem i I f  th e  motaeftt g e n e ra t in g  f u n c t io n  m (t)  o f  a  d i s ­
t r i b u t i o n  f u n c t io n  F (x )  e x i s t s  f o r  - h  t  h where h 0 th en  th e  i ^ ^  
moment o f  F<x) ab o u t th e  o r i g i n  i s
ÜJfaffi^CO) i « 0 , l , 2 , » . »
P ro o fs
F i r s t  o b se rv e  t h a t  WCs)
W (s)« X*“ e® *dF(x)
m com plex t s = t  ♦ i q ,  i s  a  b i l a t e r a l  L ap lace  tran sfo rm #  I f  th e  
tr a n s fo rm  e x i s t s  f o r  r e a l  v a lu e s  o f  s  in  th e  i n t e r v a l  -h e s^ h  th e n  
by  a  f a m i l i a r  p r o p e r ty  o f  th e  tra n s fo rm  i t  m ust e x i s t  i n  th e  v e r ­
t i c a l  s t r i p  -hzRs<h and th e r e  r e p r e s e n t  an a n a ly t i c  f u n c t io n  a t  
th e  i n t e r i o r  p o in t s  o f  th e  s t r i p #  Hence th e  i ^ ^  d e r iv a t iv e  o f  
W (s) e x i s t s  and  we have
W ^ (® )«  / ® e ® * x ^ d F < x )ZcO
a t  th e  i n t e r i o r  p o in ts #
l e t t i n g  8 = t we have
W^Ct)* /" e ^ ^ x ^ d F (x > * m ^ (t>-oo
and i f  t* o
W ^(0)a / *  X^dF(x>«ïï*i
We have se e n  in  C h a p te r  I I  t h a t  a  c h a r a c t e r i s t i c  f u n c t io n  
u n iq u e ly  d e te rm in e s  a  d i s t r i b u t i o n #  We s h a l l  now p rove a  s im i la r  
th eo rem  f o r  moment g e n e r a t in g  fu n c t io n s *
Theorem * A moment g e n e r a t in g  f u n c t io n  e x i s t i n g  in  some 
n e ig h b o rh o o d  o f  t= 0  u n iq u e ly  d e te rm in e s  th e  c o r re sp o n d in g  d i s t r i ­
b u tio n #
P ro o fI
As in  th e  p re v io u s  theo rem  we s e e  t h a t
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1» a  b i l a t e r a l  ÏAplac© t r a a a f o r a *  A gain I f  th e  tra n s fo rm  e x i s t s  
t o r  r e a l  v a lu e s  o f  o i n  th e  i n t e r v a l  *t^^z s ^  t ^  w here O i t  
m ust e x i s t  l a  th e  s t r i p  - t ^ ^  Ra ^  t ^  and r e p r e s e n t  an  a n a ly t i c  
f u n c t io n  th e re *  Now su p p o se  f o r  th e  random  v a r ia b le  we have 
Fj^(x) i t s  d i s t r i b u t i o n  f u n c t io n ,  m ^ ( t)  i t s  moment g e n e ra t in g  
f u n c t io n  and h ^ ( t )  i t s  c h a r a c t e r i s t i c  f u n c t io n  and F^C x), m g ( t) ,  
and  h ^ C t)  th o s e ,  r e s p e c t i v e l y ,  f o r  a  random v a r ia b le  X^* ( I t  may 
be w e ll  to  n o te  t h a t  W <t)»m (t) and W (it)* h < t)  )*
L e t W ^(s)» e®*dFj^(x) s  complex#
I f  m ^(t ) and ^ ^ ( t )  a r e  i d e n t i c a l  ; f o r  a l l  t  i n  some i n t e r v a l  con­
t a i n i n g  th e  o r i g i n  th e n  (by  a  p r o p e r ty  o f  a n a ly t i c  fu n c t io n s )  
amd W^ClP) a r e  i d e n t i c a l  i n  th e  c o rre sp o n d in g  v e r t i c a l  s t r i p  f o r  
w hich  th e  f u n c t io n s  a r e  a n a ly t i c *  Hence th e  two fu n c t io n s  a re  
i d e n t i c a l  on th e  a x i s  o f  im a g in e r i e s * Hence h ^ ( t )  and h ^ ( t )  a r e  
i d e n t i c a l *  From th e  u n iq u e n e ss  theo rem  on c h a r a c t e r i s t i c  fu n c ­
t i o n s  i t  fo l lo w s  t h a t  F^ and Fg a r e  i d e n t i c a l*
I f  F (x )  i s  ev ery w h ere  c o n tin u o u s  and a  co n tin u o u s  d e n s i ty  
f u n c t io n  F > (x )= f(x )  e x i s t s  a lm o s t everyw here  th e n  ou r i n t e g r a l  Cl) 
r e d u c e s  to  th e  Reimann i n t e g r a l  and  we have
(2 )  m ( t)«  ^ * e ^ * f ( x ) d x
I f  i n  (2 )  we r e p la c e  e^ ^  by I t s  s e r i e s  ex p a n s io n  we have 
» < t)*  +
» / ^ é +■ * • •
4 i ^ C
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h eace  i f  a ( t )  e x i s t s  we a g a in  s e e  t h a t  can  be o b ta in e d  by 
d i f f e r e n t i a t i n g  m (t)  r  tim e s  and s e t t i n g  t»0*
I f  m ( t)  d e f in e d  by  (2 )  e x i s t s  we have th e  fo llo w in g  
u n iq u e n e s s  theorem  f o r  d e n s i ty  fu n c tio n s *
Theorem t I f  two c o n tin u o u s  d e n s i ty  f u n c t io n s  have th e  same 
s e t  o f  moments and i f  th e  d i f f e r e n c e  o f  th e  d e n s i t i e s  has a  s e r i e s  
e x p a n s io n  a b o u t th e  o r ig in *  th e n  th e  two d e n s i t i e s  a r e  e q u iv a le n t#  
P ro o f t
L e t f ( x )  and g (x )  be th e  two d e n s i ty  f u n c t io n s  and l e t  
th e  s e r i e s  e x p a n s io n  o f  t h e i r  d i f f e r e n c e  a ( x ) « f ( x )  •  g (x )«
2
C^x ♦ CgX +
C o n s id e r
‘^oxs
—CD
« QO- 0 +
«0 s in c e  th e  moments a r e  th e  same 
h en ce  i t  f o l lo w s  t h a t  s ( x )» 0  i* e «  f(x )= g (% )
We sh o u ld  l i k e  to  have a  theorem  f o r  moment g e n e ra t in g  func*  
t i o n s  c o r re s p o n d in g  to  th e  c o n t in u i ty  theorem  o f  C h ap te r II*  
C onvergence o f  a seq u en ce  o f  d i s t r i b u t i o n  fu n c tio n s *  however* i n ­
d i c a t e s  v e ry  l i t t l e  ab o u t th e  b e h a v io r  o f  th e  co rre sp o n d in g  
se q u en ce  o f  moment g e n e r a t in g  f u n c t io n s  a s  th e  fo llo w in g  exam ple 
due to  C u r t i s s  w i l l  show*
Co  i f  x<f-n 
l e t  P Cx)« \  ^  i: Xi-/A
I 1 i f  x >  n
*
w here
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—2 0 « "
Cl«arX y t h i s  I s  a  d i s t r i b u t i o n  f u n c t io n  end we se e
0 i f  x-dOf;l i a  f \ ( x ) * F ( x ) »  ,** [ 1 i f  x >  O
S t  a l l  p o in t s  o f  c o n t in u i ty  o f  F (x )  where a g a in  F (x ) i s  a  die-* 
t r i b u t l o n  fu n c tio n *  Now th e  moment g e n e ra t in g  fu n c t io n  c o r r e s ­
p o n d in g  to  F ^ (x )  i s
w hich  e x i s t s  f o r  a l l  t
an d  th e  moment g e n e r a t in g  f u n c t io n  c o rre sp o n d in g  to  F (x )  i s
m ( t) = l
b u t
t * o
We do have th e  fo l lo w in g  theorem  however
Theorem * L e t F (x )  and  m ( t )  be r e s p e c t i v e l y  th e  d i s t r i b u ­
t i o n  f u n c t io n  and moment g e n e r a t in g  f u n c t io n  f o r  a  random v a r ia b le  
X • I f  » ^ ( t )  e x i s t s  f o r  f t f z t -  w here t - ? 0  and f o r  a l l  n>n , andA Zt X X  w
i f  t h e r e  e x i s t s  a  f i n i t e  v a lu e d  f u n c t io n  m ( t)  d e f in e d  f o r  
f tf^ t^ d tjj^  w here t^^O  such  t h a t
l im  m < t> am (t) f t f ^ t ^
th e n  th e r e  i s  a  random  v a r i a b l e  X w ith  d i s t r i b u t i o n  f u n c t io n  F (x )  
su c h  t h a t  th e
lim  F_Cx)=sF(x) m—w n
a t  e a c h  c o n t in u i ty  p o in t  o f  F (x )*  The moment g e n e ra t in g  f u n c t io n  
e x i s t s  f o r  f t K t g  end i s  e q u a l  to  m (t)  i n  t h a t  i n t e r v a l*
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* 2 1 * ,
P ro o fI
C o n s id e r  th® I.aplac® tra n s fo rm
W ^(s)» X*’«®*dF (x )  e  com plex
*  8 , t  «► iq
an d  n o te  t h a t
w  ( 8 ) » ^ / “° f«®“ »âP„(x)»w <t)=B ( t )
when n z  n^ and f o r  any  a  I n  th e  com plex s t r i p  * t^ x  Hgx t^
By tw ic e  d i f f e r e n t i a t i n g  m ^ ( t)  we f in d
m j< t>« $ t* z  t ^
S in c e  0  f o r  x#0 we s e e  t h a t  m ^ ( t> ? '0  i f  f t  ! z
an d  s in c e  |®^Ct)jJ c o n v e rg e s  i n  th e  i n t e r v a l  f m ^ (t)
assum es i t s  maximum v a lu e  a t  e i t h e r  end o r  b o th  en d s o f  th e  
i n t e r v a l *  B ut ehd h o th  co n v e rg e  w ith  f i n i t e
l i m i t s  * Hence th e  seq u en ce  I s  u n ifo rm ly  bounded In  th e
i n t e r v a l  * tg Z  t  ^  t ^  i f  n z n ^ #  I t  fo l lo w s  t h a t  th e  seq u en ce
i s  u n ifo rm ly  bounded i n  th e  s t r i p  t ^  and h as
a  l i m i t  a t  each  p o in t  o f  th e  i n t e r v a l  *tgX  © ^ t^ *  By a  th eo rem  
due to  V i t a l i  th e r e  e x i s t s  an  a n a l y t i c  f u n c t io n  W*(s3 su c h  t h a t  
l im  W„(s)«W*Cs)m-^oo n
u n ifo rm ly  i n  each  bounded c lo s e d  s u b re g io n  o f  th e  s t r i p
* tg Z  R s z  tg
I f  we l e t  W ^(s)aW ^(it3  th e n  W ^{ it)  1® th e  c h a r a c t e r i s t i c
f u n c t io n  f o r  th e  d i s t r i b u t i o n  F (x>* Hence th e  e x is ta n c e  o f  a
*$
l i m i t i n g  d i s t r i b u t i o n  fo l lo w s  from  th e  u n iq u e n e ss  theorem  o f  
C h a p te r  I I*
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N o tic e  t h a t  W *(t)= m (t) I f  **^2^ ^ ^ ^ 2  t h a t  W * (it)  i e
th e  c h a r a c t e r i s t i c  f u n c t io n  f o r  F (x )«
We m ust s t i l l  show t h a t  V l*(t) i s  th e  moment g e n e ra t in g
f u n c t io n  o f  F (x )  i# e #  t h a t  W *(t) i s  f i n i t e  v a lu e d  f o r  **tg2. t / - 1 ^ *
^o do s o  l e t  s a t  + i<i and  n o te  t h a t  W (t) e x i s t s  when " t_  x  1 6  t^2  2
f o r  i f  i t  d id  n o t  th e n  f o r  some p o in t  t» t_  su ch  t h a t  i f
K» fi#u#b* w ( t_ ) ,  a s  n l  L. a  o i o -*
w* c o u ld  f in d  some r e a l  a  > 0  su c h  t h a t  
b u t
- O f
f o r  a l l  p o in t s  o f  c o n t i n u i t y  o f  F (x )
By theo rem  I I I  we s e e  t h a t  
l im  /  f
<»-•** -  a, £o>
i* e $  th e  e x p r e s s io n s  i n  th e  b r a c k e ts  o f  ( c )  becom es 0 a s  n be.
comes i n f i n i t e *  N o tic in g  t h a t
•U' j-ao
£ f  ir  M fYtsa ô
£at> Jco
we s e e  a  c o n t r a d ic t io n *  T h e re fo re  V?(t) e x i s t s  on " t ^  6  t  ^  tg  
ftnd hence  W *(s) m ust e x i s t  on th e  s t r i p  " t ^ z  R sZ  t^#
S in ce  W (s) and W *(s) a r e  i d e n t i c a l  on th e  a x i s  o f  im a g in a r ie s
( th e y  a r e  c h a r a c t e r i s t i c  f u n c t io n s  h e r e )  th e  same r e l a t i o n  m ust 
h o ld  i n  th e  s t r i p  " t^ Z  Rs z  t ^  and i n  p a r t i c u l a r  on th e  r e a l  a x i s
in s i d e  th e  s t r i p *  Bençe W (t) and  W *(t) a r e  i d e n t i c a l  and we s e e
t h a t  W *(t) e x i s t s #
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